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Abstract—Many robotic systems achieve position sensing
through the use of optical encoders that specify the rotary posi-
tion of a joint to a certain resolution. Encoders effectively quan-
tize joint space coordinates, and in the process, introduce error.
This error propagates to operational space coordinates, limiting
position and orientation resolution, and also to operational space
coordinate derivative estimates, manifesting as noise that can
vitiate the signal. In this paper, we present a characterization
of encoder error in a robot system: given encoder specifications,
robot kinematics, and a digital filter mapping an operational
space coordinate to an estimate of its derivative, the error in
joint and operational space coordinates, as well as operational
space coordinate derivatives estimates, is described. The error is
described for two cases. The first is a general case establishing
worst-case bounds. The second case, which models quantization
as an additive independent pseudo-quantization-noise source,
establishes stochastic metrics on the error. The classic example
of quantization error on velocity and acceleration signals for
robot operational space coordinates is presented. Simulation and
experimental data with a Phantom Premium support the theory
presented. These results are intended as a design tool for robot
kinematic and feedback control system design.

Index Terms—encoder noise, digital velocity and acceleration
estimation

I. INTRODUCTION

FOR many robotic systems position sensing is achieved
through the use of an optical encoder in which the

rotary position of a joint is specified. Encoders can feature
higher reliability and precision at a lower cost compared to
other positioning sensing alternatives, which along with their
ease of implementation, make them by far the most common
position sensing in robotics. The output of an optical encoder
is a digital signal, free of external noise, that corresponds to
a certain range that the position of the joint lies. Because
encoders specify the position of a joint to a limited resolution
only, the quantization interval of the encoder, they effectively
quantize joint space coordinates, and in the process introduce
error. This usually small error propagates to coordinates de-
rived from joint space, operational space, such as Cartesian
position or Euler angles. This error propagates further, and
can be amplified a great deal, to functions of operational
space coordinates, such as estimates of their derivatives, e.g.,
Cartesian velocity or acceleration.

The authors are with the Mechanical Engineering Department, Stanford
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In robot applications such as such as pick and place,
soldering or welding, haptic virtual environments, teleoper-
ation, and many others, the position or orientation of the
robot must be controlled precisely for high performance. High
performance in these applications is commonly achieved using
feedback control, which relies directly on the position, and
also indirectly, on velocity. The velocity signal, which must
be obtained in real time, is usually estimated directly from
the quantized position and high fidelity time measurements.
Rarely, acceleration is also desired for control, or applications
such as inertia compensation or system identification. The
error that is initially introduced by quantization in joint space
will manifest as “noisy” operational space coordinates, e.g.
Cartesian velocity or acceleration. The error on these signals
can be a limiting factor in feedback control system design, in
which there exists a trade-off between bandwidth, stability, and
noise rejection. For example, in a classic robotic teleoperation
control scenario, a master and slave robot are linked through
a “virtual coupling” to ensure tracking. Both position and
velocity information is required for each robot, and these
signals need to be sufficiently smooth for good performance.
A characterization of the noise on these signals, whose source
is quantization, would be valuable in designing the physical
architecture of the robots, i.e., appropriate encoders, link
lengths, gear ratios, etc., as well as feedback control structure.

It is true that velocity and acceleration signals can be
obtained using additional sensors, such as a tachometer for
velocity, and accelerometers for acceleration, however, these
sensors face different challenges. Understanding encoder quan-
tization error could highlight situations in which these other
sensors are expected to have superior or inferior performance.

Past researchers have explored quantization from optical
encoders on joint space derivatives. Resolution of estimates
for velocity and acceleration was developed by Tanaka et
al. [1]. Harrison and McMahon analyzed signal-to-noise SNR
values for finite-difference-method estimates on velocity and
acceleration estimates [2], which was expanded by Harrison
and Stoten [3]. Kavanagh explored quantization error on
velocity estimates is in [4]. Explicit variances from the output
of recursive filters was explored by Mollova for recursive
cascaded digital filters, [5].

There has been extensive research on quantization error
for analog to digital, A/D, converters. These include Bennet,
Gray, Sripad, Widrow, and Kollar. (I need to spend more time
reading this literature to give a quick lit review).

Past researchers have proposed many methods to estimate
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velocity and acceleration from quantized position. The tech-
niques can loosely be separated into finite difference, (or
“fixed-time”) and low-pass filters algorithms, [3], [6], [7],
inverse time, (or “fixed-displacement”), methods, [8], Kalman
Filters, either fixed ,[9], [10],or adaptive, [11], and adaptive
window techniques, [12], [13], [14], [15], [16].

In this paper we analyze quantization error on joint space
coordinates, provide a description of how this error propagates
to operational space coordinates, and then show how this
error propagates further to estimates of operational space
derivatives. The results for the error introduced by quantization
are for two cases. The first case, which is applicable generally,
establishes “worst-case” bounds for the error on the various
signals given a configuration of the robot. The second case,
which models quantization error as additive white noise,
establishes error distribution metrics for the various signals,
.i.e., means and variances for a given configuration. Conditions
for which quantization may be modeled as additive white noise
are established.

The contribution of this work is to characterize quantization
error in robotic systems as a design tool. The results presented
are intended to inform robot mechanical and control system
design by providing a method to predict the effect of quantiza-
tion error. In this way, a robot designer can select appropriate
encoders, link lengths, gear ratios, etc., for a given sensing
performance. For the feedback control system designer, the
effect of the quantization error on the position control al-
gorithm can be found. With bounds on the the structure of
the control algorithm established to yield acceptable error,
meaning constraints on noise rejection, and design for other
objectives, such as accordingly.

The organization of the paper is as follows. First a system
model representing quantization in joint space from optical
encoders is presented. Then a general procedure to characterize
encoder error in a robotic system, meaning error in joint
space, operational space, and derivatives in operational space,
is explained. Then the effect of various parameters of the
common finite difference method, FDM, and low-pass filter
algorithm on quantization error are analyzed. Simulated and
experimental data is presented in VI validating the theory
presented.

II. NOTATION LIST

Table I is a list for the notation used.

III. SYSTEM MODEL

The system we consider is given in Fig. 1. Discrete-
time true joint space coordinates θ1, θ2, . . . , θn ∈ R un-
dergo spatial quantization with respective quantization inter-
vals ∆1,∆2, . . . ,∆n ∈ R resulting in quantized joint angles
θ̂1, θ̂2, . . . , θ̂n ∈ R. The quantized joint angles are mapped
to operational space coordinates x̂1, x̂2, . . . , x̂m ∈ R by
the forward kinematics. A derivative signal estimate on an
operational space coordinate at index j is obtained through
a single-input, single-output, discrete transfer function H(.),
where (.) represents the order of the derivative estimate. For
example, ˙̂xj is a velocity estimate of x̂j formed by Hv , and
¨̂xj an acceleration estimate formed by Ha.

TABLE I
NOTATION LIST TABLE

Symbol Description

∆i ∈ R quantization interval at joint coordinate at index i
∆ ∈ Rn quantization interval vector
θi ∈ R true joint space coordinate at index i
θ̂i ∈ R quantized joint space coordinate at index i
θ̃i ∈ R error on joint space coordinate at index i
θ ∈ Rn true joint space coordinate vector
θ̂ ∈ Rn quantized joint space coordinate vector
θ̃ ∈ Rn error on joint space coordinate vector
xj ∈ R true operational space coordinate j
x̂j ∈ R quantized operational space coordinate j
x̃j ∈ R error on operational space coordinate j
x ∈ Rm true operational space coordinate vector
x̂ ∈ Rm quantized joint space coordinate vector
x̃ ∈ Rm error on joint space coordinate vector
x̄ ∈ Rp state space realization vector of H
σ2
θ̃i
∈ R joint space error var. at coordinate i

σ2
x̃j
∈ R op. space error var. at coordinate j

σ2
ỹ ∈ R op. space deriv. error variance

Σθ̃ ∈ Rn×n joint space error covariance matrix
Σx̃ ∈ Rm×m op. space error covariance matrix
Σx̄ ∈ Rp×p extended state covariance matrix
J ∈ Rm×n Jacobian matrix, ẋ = Jθ̇
Ji ∈ Rm ith column of J
ai ∈ R coefficients of j.s.c. variances on o.s.c

Fig. 1. Caption Here.

IV. ERROR PROPAGATION

Here we describe the propagation of quantization error on
joint space coordinates to operational space coordinates, and
then, to estimates of operational space coordinate derivatives.
We propose two models for quantization in joint space. The
first model is a general one useful for establishing worst-case
bounds on the error. The second models each quantization
as independent additive pseudo-quantization-noise, (PQN), for
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Fig. 2. Two conceptual models for quantization. A: quantization operates on
true joint space coordinate at joint i, θti , and returns θi with resolution ∆i. B:
Noise θei ∈ R[−∆i/2,∆i/2] is added to a true joint space coordinate at joint
i, θti , to produce θ. For cases in which quantization is well approximated by
pseudo-quantization-noise, PQN, the noise θei is uncorrelated with the input
signal, white, and uniform between −∆i/2 and ∆i/2.

which stochastic metrics, e.g. means and variances, on the
error are determined. Conditions for which the independent
PQN model is appropriate are presented in Appendix B.

A. Error in Joint Space

The quantization operator maps an input set with an infinite
number of elements to an output set with a finite number
of elements. An ideal optical encoder measuring the rotary
position of a robot joint behaves as a uniform quantizer in
which the output elements are all equally spaced. At a certain
joint at index i, quantization operates on the true joint space
coordinate, θi ∈ R, to return a quantized coordinate, θ̂ ∈ R.
The error at this coordinate, θ̃i ∈ R, is the difference between
the quantized and true coordinate,

θ̃i = θi − θ̂i. (1)

Quantization introduces error on the joint space coordinate
measurement, which we refer to as “noise”. This noise is used
as a conceptual model, and should not be confused with some
additional source of error. This interpretation is shown in Fig.
2.

At joint index i, the quantized joint coordinate is always
within ∆i/2 of the true joint coordinate. Thus, the error at a
joint must satisfy

−1

2
∆i ≤ θ̃i ≤

1

2
∆i. (2)

This can also be expressed in vector form as

−1

2
∆ ≤ θ̃ ≤ 1

2
∆. (3)

where θ̃ ∈ Rn is a vector of the joint space coordinate

errors θ̃ =
[
θ̃1, θ̃2, . . . , θ̃n

]T
, and ∆ ∈ Rn is a vector of the

quantization intervals: ∆ = [∆1,∆2, . . . ,∆n]
T . Equations (2)

and (3) establish worst-case bounds for the quantization error
in joint space.

If quantization on a joint space coordinate at index i is
modelled stochastically as additive pseudo-quantization-noise,
(PQN), then θ̂i has a uniform distribution,

θ̃i ∼ U(−∆i/2,∆i/2). (4)

The mean of θ̃i, Eθ̃i, is given by

Eθ̃i =

∫
θ̃ip(θ̃i)dθ̃i = 0. (5)

The variance of θ̃i, σ2
θ̃i

, is given by

σ2
θ̃i

= E(E(θ̃i −Eθ̃i)E(θ̃i −Eθ̃i)) = ∆2
i /12. (6)

For the PQN model, θ̃ is random vector. The mean of θ̃,
Eθ̃, is given by

Eθ̃ = 0, (7)

where 0 denotes the zero vector in Rn.
The covariance of θ̃, Σθ̃ ∈ Rn×n, is defined by

Σθ̃ = E(E(θ̃ −Eθ̃)E(θ̃ −Eθ̃)T ). (8)

If the error at one joint is independent of another, Σθ̃ is given
by the diagonal matrix,

Σθ̃(i, i) =
∆2
i

12
for i = 1, 2, . . . , n. (9)

B. Local Error in Operational Space

Let x ∈ Rm and x̂ ∈ Rm be vectors representing opera-
tional space coordinates formed from true and quantized joint
space coordinates, respectively, using the forward kinematics
f : Rn → Rm. The operational space coordinates error vector,
x̃ ∈ Rm is defined as

x̃ = x̂− x. (10)

We use a linear approximation to the forward kinematics
to describe local error propagation. Let J ∈ Rm×n be
the Jacobian relating joint and operational space velocities,
ẋ = Jθ̇. Then

x̃ = x̂− x (11)

= f(θ̂)− f(θ) (12)

≈ f(θ) + J(θ̂ − θ)− f(θ) (13)

= f(θ) + J(θ + θ̃ − θ)− f(θ) (14)

= Jθ̃ (15)

The linear approximation of f(θ̂), performed at θ, is valid
if the contribution of higher-order terms in θ̂−θ are negligible
compared the affine and linear terms. The J(θ̂ − θ) term
scales linearly with the entries of θ̂ − θ, while the higher-
order terms scale quadratically or higher. The entries of
θ̂ − θ are bounded by the quantization interval ∆i for each
joint, and if the quantization intervals are sufficiently small,
the approximation is valid. However, because the Jacobian
is configuration dependent, the approximation is only valid
locally, in the neighborhood of values close to θ.

The error at operational space coordinate indexed by j, x̃j ∈
R, must satisfy

−
n∑
i=1

|Jji|
2

∆i ≤ x̃j ≤
n∑
i=1

|Jji|
2

∆i, (16)

or in vector form,

−|J |
2

∆̃ ≤ x̃ ≤ |J |
2

∆̃, (17)

where |J | is the element-wise absolute value of J . Equation
(17) establishes a worst-case bound.
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For the independent PQN model of quantization, a local
description of the mean of the error vector in operational space
is given by

Ex̃ = 0, (18)

where 0 represents the zero vector in Rm. The local descrip-
tion of the covariance of the error vector in operational space
is given by

Σx̃ = JΣθ̃J
T . (19)

The variance of a specific operational space coordinate at
index j, σ2

x̃j
is given by the (j, j) entry of Σx̃,

σ2
x̃j

= Σx̃(j, j). (20)

Because

σ2
x̃j

= (JΣθ̃J
T )(j, j) (21)

=

(
n∑
i=1

JiJ
T
i

∆2
i

12

)
(j, j) (22)

=

n∑
i=1

∆2
i ai
12

, (23)

where
ai ∈ R = JiJ

T
i (j, j), (24)

and Ji is the ith column of J. Equation (22) establishes that
given a certain configuration of the robot, the variance of the
error on an operational space coordinate is a linear combi-
nation of the square of the quantization intervals ∆2

i . This
representation is useful because the set of ai for i = 1, 2, . . . , n
show the relative effect of the quantization intervals on an
operational space coordinate error.

C. Error Propagation to Derivative Signals

Consider a single-input, single-output, discrete transfer
function H with operational space coordinate at index j, x̂j , as
its input, and ŷ ∈ R, as its output. The output of the transfer
function will be the superposition of the true operational space
coordinate and the error on the coordinate propagated through
the transfer function. Here we are interested in transfer func-
tions mapping an operational space coordinate to an estimate
of one of its derivatives, although the approach is applicable
to any transfer function.

For a given error on the operational space coordinate at
index j, x̃j , the error on the derivative signal, ỹ, is propagated
through the transfer function. This is useful for establishing
a worst-case bound for the derivative signal error. Because
x̃j is bounded by Equation (16), and if the transfer function
is stable, ỹ is also be bounded. The derivative signal error,
satisfies

‖ỹ‖∞ = ‖H(x̃j)‖∞ (25)
≤ ‖H‖l1‖x̃j‖∞, (26)

where ‖ỹ‖∞, ‖H(x̃j)‖∞, and ‖x̃j‖∞ are the infinity norms
of the discrete time signals, i.e., the peak absolute value, and
‖H‖l1 is the l1 norm of the transfer function H . Equation

(26) establishes the worst-case contribution of the error on
the operational space coordinate to an estimate of one of its
derivative signals.

Results for the average error on the derivative signal are
obtained by examining the stochastic error of the operational
space coordinate, which is is valid for the independent PQN
model of quantization. Because the input error to the transfer
function, x̃j , is zero mean, the mean of the output, σ2

ỹ , is also
zero mean.

Eỹ = 0. (27)

For the independent PQN model, the input error is stationary
white noise with zero mean, and if the transfer function H
is stable, the output variance will tend to a steady-state value
given by

σ2
ỹ = ‖H‖22σ2

x̃j
, (28)

where ‖H‖22 is the squared H2 norm of the transfer function.
Consider the standard state-space form (A,B,C,D) repre-

sentation of H , and let x̄ ∈ Rp be the state of the state-space
realization of the transfer function H . For clarity, we call x̄ the
“extended state’’ of the operational space coordinate. If H is
expressed in standard controller canonical form, the entries of
x̄ consist of the current and p− 1 last position values used to
determine the next output. We let the error on the operational
space coordinate be e ∈ R. Then, the state space equation
mapping position to derivative signal with input error is

x̄k+1 = Ax̄k +Bek (29)
yk+1 = Cx̄k +Dek. (30)

Let σ2
e ∈ R be the variance of the error in operational space

at a certain coordinate. The value of σ2
e , (in a specific config-

uration), can be found using the methods from the previous
subsection. For example, if the first operational coordinate was
of interest, σ2

e = σ2
xe
j

= Σxe(1, 1).
Noting that the mean of the extended state is zero, the

covariance of the extended state at time k is

Σx̄(k) = Ex̄(k)x̄T (k). (31)

Because
x̄(k + 1) = Ax̄(k) +Be(k), (32)

the covariance of the extended state at time k + 1 is

Σx̄(k + 1) = Ex̄(k + 1)x̄T (k + 1) (33)

= E(Ax̄(k) +Be(k))(Ax̄(k) +Be(k))T (34)

= AΣx̄(k)A
T +Bσ2

eB
T . (35)

From equations (34) to (35), the other terms vanish because the
error is zero mean. With this result the transient development
of the extended state covariance can be found for a given initial
condition on the error covariance. However, if the filter H is
stable, and the error covariance is constant, then the extended
state covariance will tend to a steady-state value that can be
determined by setting

Σx̄(k) = Σx̄(k + 1) = Σx̄(∞), (36)

and solving
Σx̄ = AΣx̄A

T +Bσ2
eB

T . (37)
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Fig. 3. A schematic of the process of determining operational space derivative
signal variance from quantization in joint space. First, from the quantization
intervals the error covariance in joint space position, Σθe , is defined. For a
certain configuration of the robot, the error covariance on operational space
position, Σxe , can be obtained from the error covariance in joint space
position and the Jacobian. Then, the variance of a specific operational space
position error can be extracted from error covariance matrix to get σ2

e . Using
the state space realization matrices (A,B,C,D) defined by the transfer
function H mapping operational space position to the derivative signal, the
covariance of the state space realization vector, Σx̄, can be solved for. Finally,
the error covariance on the operational space derivative, σ2

y , is determined.

Equation (37) is the discrete Lyapunov equation and can be
solved using several methods, [17], [18], [19].

With the extended state covariance, Σx̄, and the operational
space error variance, σ2

e , the variance of the derivative signal,
σ2
ye , e.g., the variance of the error on the velocity or acceler-

ation of the operational space coordinate, can be determined
by

σ2
ye = CΣx̄C

T +Dσ2
eD

T . (38)

Fig. 3 gives a schematic for the process of determining an
operational space derivative signal variance from quantization
in joint space. First, from the quantization intervals the error
covariance in joint space coordinates, Σθe , is defined. For
a certain configuration of the robot, the error covariance on
operational space coordinates, Σxe , can be obtained from Σθe

and the Jacobian. Then, the variance of the error of a specific
operational space coordinate can be extracted from Σxe to get
σ2
e . Using the state space realization matrices (A,B,C,D)

defined by the transfer function H mapping an operational
space coordinate to the derivative signal, the covariance of the
state space realization vector, Σx̄, can be solved for. Finally,
the error covariance on the operational space derivative, σ2

ye ,
is determined.

D. Example: Error on Cartesian Velocity of a Planar PRR
Robot

Here we apply the methods of this section to estimate the
error distribution on the Cartesian velocity of a planar PRR
robot from quantization in joint space. This particular example

TABLE II
NOMINAL FILTER PARAMETERS

Space Quantization Error Model
General Independent PQN

joint − 1
2∆ ≤ θ̃ ≤ 1

2∆
Eθ̃ = 0

Σθ̃(i, i) =
∆2

i

12

operational − |J|2 ∆̃ ≤ x̃ ≤ |J|2 ∆̃
Ex̃ = 0
Σx̃ = JΣθ̃J

T

op. deriv. ‖ỹ‖∞ ≤ ‖H‖l1‖x̃j‖∞
Eỹ = 0
σ2
ỹ = ‖H‖22σ2

x̃j

Fig. 4. Caption Here. (I am experimenting with this Figure. I think the
summary information is important, but it seems a bit “clunky”.

is chosen because real-time velocity estimates constructed
from position measurements are commonly desired in practice.
Here we use the IPQN model for quantization.

A planar PRR robot with a quantization interval of
2π/10000 rad on its revolute joints, and l/10000 on its pris-
matic joint, a first link length of 2l, and a second link length
of l, has an estimate on its velocity using the common finite
difference method and low-pass filter algorithm discussed later
in Section V. Two low-pass filters filters are considered: both
have a sample rate of 1000 Hz, and a cut-off frequency of 50
Hz, but one filter is first order, and the other is second order.
To communicate the error on the operational space Cartesian
velocity we define

Σve =

[
σ2
vex

0

0 σ2
vey

]
, (39)

where σ2
vex

is the variance of the error in the x direction,
and σ2

vey
, the y direction. Note that Σve is not the covariance

matrix of the error on velocity vector, which would in general
have a non-zero diagonal entry. Σve is defined in this way
because the methods presented are for obtaining the variances
of the derivative signals errors, and not the covariances. Fig.
5 displays the matrix ellipsoids of Σve , that is, the area in R2

defined by

E(Σve , k) = {(q ∈ R2|qTΣ−1
ve q ≤ k}, (40)

where k ∈ R is a constant determining the level set of
the ellipsoid. In Fig. 5 the value of k is 75l/s for ease of
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filter order 1

filter order 2

Fig. 5. The matrix ellipsoids of the error on operational space velocity for
different configurations of a planar PRR using the finite difference method
and low-pass filter algorithm.

visualization. For the configuration on the right the standard
deviation of the error is about the same in both directions, with
a value of around .08l/s for the first order filter, and .02l/s
for the second order filter.

V. VELOCITY AND ACCELERATION SIGNALS

In this section the error on velocity and acceleration signals
is analyzed using the finite difference method, FDM, and low-
pass filter scheme. We identify the parameters of the estimation
scheme and describe how each affects the error. Here we
assume the IPQN model to yield stochastic results for the
error.

A. Filter Parameters and Structure

The structure of the filters investigated is shown in Fig. 6.
The operational space coordinate (with error) at time step k,
x(k), undergoes d back differences, for velocity, d = 1, for
acceleration, d = 2, and so on, and then n first-order low-pass
filters with a cut-off frequency of w0 [rad/s], with unity gain
at zero frequency. Other filters could be used; this specific
filter was chosen because of its simplicity, and to provide a
clear description of how the filter parameters affect error. The
generality of the filter results is discussed in Section VII.

Given the filter architecture, the error on the velocity and
acceleration depends on four parameters: the variance of error
in operational space, σ2

xe , (or the standard deviation), the low-
pass filter cut-off frequency, f0, the sample frequency, f , and
the filter order, n.

The affect of each parameter on the error distribution of
velocity or acceleration is analyzed in Figures 7, 8, and 9 by
varying the particular value of a parameter while the others are
maintained at a nominal value, except for the filter order, in
which filter orders 1, 2, 3 and 4 are included in each plot. The
nominal values of the filter parameters are σxe = .1 [mm], f =
1000, [Hz], and f0 = 50 [Hz]. Since it has been established in
Section IV that the error is zero mean, the following discussion
analyzes the standard deviation of the derivative error: σve for
the error on velocity, and σae for the error on acceleration.
The solid lines represent theory, and the dotted lines that of
numerical simulation that is discussed in Section VI.

Fig. 6. Filter structure for estimating velocity and acceleration from position.
The quantized position x(k) undergoes d back differences (for velocity, d =
1, for acceleration, d = 2), and then n low-pass filters with a cut-off frequency
of w0 [rad/s] and unity gain at DC.

0 0.2 0.4 0.6 0.8
0

50

100

150

200

Fig. 7. The standard deviation of the error, σv , on the velocity estimate for
filter orders n = 1,2,3, and 4, plotted against the standard deviation of the
error in operational space position, σx. The standard deviation of the error
on velocity is linear in σx for all filter orders, and monotonically decreases
as the filter order is increased. This is the case for higher order derivatives as
well.

B. Effect of Parameters on Derivative Error

Fig. 7. displays the standard deviation of the error on
velocity, σve , for filter orders n = 1, 2, 3 and 4, plotted
against the standard deviation of the error in operational space,
σxe . The standard deviation of the error on velocity is linear
in σxe for all filter orders, and monotonically decreases as
the filter order is increased. This is the case for higher order
derivatives, such as acceleration, as well. From Equation (22)
it was established in a certain configuration the variance of the
error in operational space is a linear combination of the square
of the quantization intervals. This implies that the standard
deviation σxe is linear in all the quantization intervals, as
well as σve , meaning that if all the quantization intervals were
halved, σxe and σve would also be halved.

Fig. 8 shows σve plotted against the cut-off frequency of the
low-pass filter, f0. For much lower cut-off frequencies with
respect to the sample rate, the error is roughly linear for all
filter orders. For cut-off frequencies close to the sample rate,
the difference between the different order filters is minimal,
and all filter orders yield approximately the same error. The
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Fig. 8. The standard deviation of the error on velocity plotted against the cut-
off frequency of the low-pass filter. For low cut-off frequencies with respect
to sample rate, the error is roughly linear for all filter orders. For cut-off
frequencies close to the sample rate all filter orders yield approximately the
same error.

TABLE III
RELATIONSHIP BETWEEN SAMPLE FREQUENCY AND ERROR

Condition Error tends to a value as f ⇑ Error as f ⇑

n < d no ⇑
n = d yes ⇑
n > d yes ⇓

For sample rate f , derivative order d, and filter order n,
when the cut-off frequency, f0, is less than the Nyquist frequency :
f0 < fN = f/2 [Hz].

same type of behavior is seen for the acceleration error, and
higher order derivatives.

Unlike the operational space coordinate error and cut-off
frequency, the sample rate’s effect on the derivative signal
error is different depending on the derivative order of the filter.
The following analysis assumes that the cut-off frequency, f0,
is less than the Nyquist frequency: f0 < fN = f/2 [Hz]. For
conditions in which this is not true, the cut-off frequency is
aliased, resulting in the actual cut-off frequency not being the
designed value. Fig. 9 displays the standard deviation of the
error on velocity, σve , and acceleration, σae , plotted against
the sample frequency. As the sampling rate increases, σve
approaches a value for all filter orders. For a first-order filter,
σve increases as the sample rate increases, but decreases for a
second order filter or higher. However, unlike σve , for a first
order filter, σae does not approach a value as the sampling rate
increases; it is linear in the sampling rate. For higher filter
orders, however, σae does approach a value. Also, for filter
orders 1 and 2 the standard deviation of the error increases
with faster sampling, but decreases for third and higher order
filters. These results demonstrate a relationship between the
sample rate, f , the derivative signal order, d, and the order
of the low-pass filter, n. In fact, these results generalize, as
summarized in Table III.
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Fig. 9. The standard deviation of the error on velocity, σv , and acceleration,
σa, plotted against the sample frequency f . There exists a relationship
between the sample rate, the derivative signal order, d, and the order of the
low-pass filter, n, which Table III summarize.

C. Frequency Response Intuition for Derivative Estimation
Filters

A way to understand how the parameters of the derivative
filter affect noise on the derivative signal is to examine the
frequency response of the filter. The error on the derivative
signal is the superposition of every error input through the
filter at every frequency. Because the filters considered are
discrete, this consists of constant zero-frequency signals up
to the Nyquist frequency of the filter, ωN = π/T [rad/s].
One way to eliminate error would be to have low, or even
zero, magnitudes of the transfer function for all frequencies.
Although this strategy would result in low error propagation,
it would also result in a poor filter, in the sense that it
would not estimate the derivative signal well. In practice,
the filter designer’s goal is to have high gain for signal
frequencies, but low-gain for noise frequencies. For the IPQN
model of quantization, the noise is white, meaning equal at
all frequencies. The spectral content of quantization noise in
more general cases in discussed in Appendix B.

Fig. 10 contains the frequency response for an acceleration
filter, (d = 2), with filter orders n = 1, 2, 3, and 4, and a cut-
off frequency of 50 [rad/s]. Also included is a schematic of
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Fig. 10. The frequency response for an acceleration filter, (d = 2), with
filter orders n = 1 − 4, and a cut-off frequency of 50 [rad/s], along with a
schematic of the design goal for the magnitude of the frequency response.

the design goal for the magnitude of the frequency response.
From the magnitude portion of the frequency response the
qualitative effect of changing a filter parameters on the error
can be determined. For example: if the cut-off frequency was
made smaller, the frequency response would have a pole at a
lower frequency and “roll-off” sooner, thus, the contribution
of noise would be smaller. This is a classic and effective
technique to develop filter designs [20].

VI. EXPERIMENTAL VERIFICATION

Experiments with a Phantom Premium (Sensable Inc.), as
well as numerical simulations, were conducted to validate the
theory presented. Two sets of experiments were performed.
The first set analyzed the error distributions on operational
space coordinates for various configurations of the robot
from quantization in joint space. The second set tested the
error distributions on operational space coordinate derivative
signals. The joint and operational space coordinates of the
robot are the standard coordinates for the Phantom Premium,
and are shown schematically in Fig. 11.

A. Experimental Procedure

In both sets of experiments the robot was controlled to oscil-
late about a configuration with sinusoidal motion in which two
types of signals were recorded: one with signals constructed
from artificially quantized joint angles with a quantization in-
terval of 1 milli-rad, and another without artificial quantization
to create signals acting as truth. The amplitude of the motion,
A, was 15◦, in each joint angle, and had a frequency, ω, of 2.5
Hz. The experiment was run at a control rate of 1 KHz, and a
specific experiment was 15 seconds. The actual quantization

Fig. 11. The joint space coordinates: θ1, θ2, and θ3 and operational space
coordinates: x, y, and z. For the Phantom Premium 1.5, l1 = 210 [mm], l2
= 180 [mm], and a joint resolution of 0.125 milli-radians on all joints. The
schematic displays the robot in the zero position. This figure is inspired from
[21].

of the robot is 0.125 milli-rad. For all experiments, the value
of ∆f , was

∆f = (0.001 rad)(1000 Hz) = 1 rad/s. (41)

The root-mean-square of the velocity, vRMS, that the robot was
controlled to follow in a joint was was

vRMS =
Aω√

2
= 3 rad/s = 3∆f. (42)

The numerical experiments were performed using Simulink
using explicit quantization blocks.

B. Error Distribution on Operational Space Coordinates

The experimental error for an operational space coordinate,
e.g. the x coordinate, was the difference between the sig-
nal constructed with artificial quantization and and the one
without. The theoretical, simulated, and experimental stan-
dard deviations of the operational space coordinate errors are
displayed in Fig. 12 for various configurations. Matching the
prediction of theory, the mean of the experimental error was
close to zero for all experiments. The largest magnitude of the
mean for all experiments was than 2µm. Over all experiments
the error was always within the bounds of Equation (17). The
differences between the theory and experimental data present
in Fig. 12 are discussed in Section VII.

C. Error Distribution on Operational Space Velocity and
Acceleration

The error distribution on the velocity and acceleration of
the x coordinate was tested for filter orders n = 1, 2, and 3
for various cut-off frequencies, f0, of the low-pass filter about
the zero position. The theoretical and experimental standard
deviations of the operational space velocity and acceleration
error are displayed in Fig. 13 for various cut-off frequencies.
The mean of the experimental derivative error was small for
all experiments as expected from theory: the largest magnitude
of the mean of an error signal was less than 1% of its standard
deviation for all experiments. The magnitude of all error values
on the derivative signals was always within the bounds of
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Fig. 12. The simulated and theoretical standard deviations of the operational
space position error. The theoretical predications are essentially identical to
the simulated results.

Equation (26). Additional experimental tests were conducted
varying other filter parameters with similar results to matching
theory. The simulated data are included as dotted lines in
Figures 7, 8, and 9.

VII. DISCUSSION

In Appendix B conditions for which the IPQN model of
quantization is valid is presented. These conditions are based
on the amplitude of motion in joint space compared to the
quantization interval, A � ∆, as well as the speed of the
motion compared to the sampling rate, v � ∆f . These
conditions can also be expressed in operational space, for
which some readers have more intuition. Instead of ∆ in joint
space, we can have ∆x in operational space,

∆x(mm) =
l

nG
. (43)

∆xf
(mm

s

)
=

lf

nG
, (44)

where n is the number of counts per revolution of the encoder,
G is the gear ratio relating the quantized joint position to the
abstract joint position, f is the sample frequency, and l is a
characteristic “length” mapping a joint space coordinate to an
operational space coordinate, i.e. an entry of the Jacobian in a
certain configuration. For situations in which the quantization
is directly on joint space G = 1. Table IV displays the values
of ∆x and ∆xf for robots in common use today. Essentially
all of the robots feature fine operational space resolution, and
if the sample sample rate is sufficiently low, the conditions of
IPQN are met to a high approximation. (I am finding it hard
to find precise specifications for the robots. I have estimated
some of the parameters,but I am confident this information is
obtainable. I would also like to expand the list to around 10
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Fig. 13. Caption goes here.

TABLE IV
ROBOT THRESHOLD VELOCITIES

Robot n G l f ∆x ∆xf
units [tics/rev] [-] [mm] [Hz] [mm] [mm/s]

Premium 2000 10 300 1000 .03 15.0
WAM (7dof) nG = 3× 106 500 1000 ? 0.2
Kuka nG = 1× 106 500 1000 .05? 0.5
Omni 1000 5 100 1000 .055 10.0
Puma 2000 100 1000 1000 .01? 5

robots with great “breath”, specifically, I would like to feature
a robot with a low ∆x or high ∆xf .)

The theory presented has broad application, especially for
design scenarios, but does have limitations. These limitations,
which must be understood to apply the methods proposed,
come from two main sources. The first source of limitation
is that the IPQN model. The second limitation is that re-
sults for operational space and operational space derivative
error are configuration dependent, and apply to a specific
configuration. In many practical scenarios, the conditions of
IPQN are satisfied to a good approximation, with no obvious
interdependence among joint space coordinates, in which the
quantization error in a certain region of the workspace where
the forward kinematics are described reasonably well by an
affine model, the sources of limitations are not important, but
for others the limitations are.
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These limitations explain the small departures from theory
and experiment that is displayed in Fig. 12 and 13. In these
experiments the motion of the robot spanned 15◦ in each
joint, resulting in forward kinematics not perfectly described
by a linear approximation, and motion with a root-mean-square
velocity of 3∆f for which the error in joint space may have
not been precisely uniform.

The theory presented for determining derivative error in
section IV applies to all filters. The specific filter structure
discussed for velocity and acceleration signals in section
V was chosen to communicate the relationship between its
parameters and the error on the derivative signals. The results
for parameters of other filter structures, for which there exists
a “cut-off frequency” and “order” in an abstract sense are
similar. Butterworth filters in particular, are commonly used
in real time low-pass filtering because continuous low-pass
Butterworth filters feature a maximally flat passband and
have good roll-off, and digital implementations can be easily
obtained with a Bilinear transformation with pre-warping.

Fig. 9, Fig. 10, and Table III demonstrate that, practically
speaking, to estimate a derivative signal of degree d, a filter of
at least order n, and perhaps higher, is needed to limit noise
propagation.

In this paper, the difference between the worst-case and
stochastic results for joint and operational space coordinates
is not that large, meaning, that one could probably bound
the other within an order of magnitude. However, for the
derivative signal errors the difference between the results can
be very large. The stochastic results are only applicable when
the IPQN model applies, so it seems that for conditions in
which this is not true we don’t have much to say about the
derivative error. This is a moot point because when the IPQN
model does not apply, FDM and low pass filters should not be
used. Inverse time methods, “fixed-distance”, are better suited
in this position. Appendix A discusses this.

Nothing in the paper explicitly discussed joint spaced
derivatives, but that is a subset of what was considered because
in that case a identify Jacobian could be used.

In the A/D literature a technique called dither is used
to make encoder noise more PQN, which makes analysis
more easy. This technique has also been used in robotics to
mitigate coulomb friction. Some short comments of this seem
appropriate.

VIII. CONCLUSION

The main results of our analysis are the characterizations
of encoder error in a robot system, i.e., given encoder spec-
ifications, robot kinematics, and a digital filter mapping an
operational space coordinate to an estimate of its derivative,
the effect of quantization error is described. The classic
example of quantization error on velocity and acceleration
signals for robot operational space coordinates is presented.
Simulation and experimental data with a Phantom Premium
support the theory presented. These results are intended as a
design tool for robot kinematic and feedback control system
design.

APPENDIX A
FDM AND ITM METHOD COMPARISON

In this section two algorithms for estimating velocity from
discrete quantized position are compared. The finite difference
method, FDM, counts quantization “tics’’ per unit time, and
the inverse time method, ITM, counts the time elapsed between
quantization tics. These algorithms are also called “fixed-time”
and “fixed-distance” respectively. We establish conditions for
which one algorithm outperforms the other with respect to
its worst-case signal-to-noise-ratio, SNR. Specifically, for true
velocity, v, quantization interval, ∆, and sample frequency f ,
in terms of the worst-case SNR, if

v < ∆f ⇒ ITM outperforms FDM, (45)

and if,
v > ∆f ⇒ FDM outperforms ITM. (46)

A. FDM Worst-Case SNR

For the FDM algorithm, the velocity error at time index k,
vek, is defined to be

vek = vtk − vk =
xtk − xtk−1

T
− xk − xk−1

T
(47)

where xtk and xtk−1 are the current and one-sample-ago true
positions, i. e. non-quantized positions, xk and xk−1 are
the current and one-sample-ago quantized with quantization
interval ∆ positions, and T is the sample period.

At a time step index k section IV establishes that the
maximum difference between xtk and xk is ∆/2, therefore,

|vek|max =

∣∣∣∣ (xtk − xk) + (xtk−1 − xk−1)

T

∣∣∣∣
max

=
∆

T
. (48)

The worst-case SNR for FDM is

SNRFDM =
v

∆f
. (49)

B. ITM Worst-Case SNR

The velocity error at encoder event index k for the ITM
algorithm is defined to be

vek = vtk − vk =
∆

tte − ttb
− ∆

te − tb
, (50)

where tte and ttb are the true times in which the joint exits and
begins the quantization interval, and te and tb are the detected
times in which the joint exits and begins the quantization
interval. Because vek is defined in this way, the velocity error
is only defined at encoder events. Monotonic velocity within a
quantization interval is assumed to yield a tractable maximum
error. This eliminates pedantic cases in which the position
of the joint oscillates in-between quantization “tics” in which
the velocity goes positive and negative in which infinite error
could occur.

Unlike FDM, vek in the ITM algorithm depends on the
velocity v. Let vmax be the velocity with the largest magnitude
between two encoder events. Also, let the dimensionless
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parameter α ∈ R be the ratio of the top velocity that can
be recored using ITM to the max velocity,

α =
∆f

vmax
. (51)

Because the detected times between encoder events, (te− tb),
must be a multiple of the sample times T , it is possible to
bound vtk−vk in terms of the quantization interval and sample
time,

|vek|max =
∆

bαcT
, (52)

where bαc represents the floor of α. For values of α < 1
the ITM method cannot guarantee that the distance between
encoder tics is ∆. Therefore, the worst-case SNR for ITM is

SNRITM =


v
∆
bαcT

=
v

∆f
bαc

if α ≥ 1

0 if α < 1.

(53)

C. FDM and ITM Comparison

Figure 14 displays a plot of the worst-case SNR for the
FDM and ITM algorithms plotted against velocity. Here the
velocity is in units of the quantization interval over the sample
rate: ∆/T . Expressed in these units, when the velocity is
less than unity, the ITM algorithm has a higher worst-case
SNR than FDM, and when velocity is greater than unity, the
opposite is true.

APPENDIX B
IPQN CONDITIONS

A popular model for quantization noise is one of additive
white noise uncorrelated to the input signal, uniformly dis-
tributed between plus and minus half the quantization interval.
This model has been used extensively, despite the fact that
quantization error is deterministically related to the to the input
signal, and thus its distribution must also depend on the input
signal.

Past researchers studying quantization for A/D applications
such as [22], [23], and [24] have established precise conditions

for when the pseudo-quantization noise, PQN, model is valid.
Many of these results apply to modeling the input to the
quantizer as a random variable, and the PQN model can be
shown to be exact, or a very good approximation, based on
qualities of the probability density function, or equivalently,
the characteristic function, of the input.

For many robotic applications, where the input to the
quantizer corresponds to joint space coordinates, the input is
“smooth” in a certain sense, meaning it is locally correlated.
Because of this, stochastic models for the input to the quantizer
are not directly applicable. In addition to stochastic models,
sine wave inputs have been studied. Sine inputs feature the
type of “smoothness” that well characterize robotic joint space
coordinates, and further, in general, a signal can be constructed
from a combination of sine inputs, so this seems a better
approach. Past studies have developed conditions to evaluate
the validity of the PQN model for sine inputs. Put tersely, there
are two conditions for when the PQN model approximately,
meaning not exactly, holds. The first condition concerns the
error distribution of the quantizer output. They found,

A� ∆⇒ error is uniform. (54)

With the precise statement being that the largest possible
difference for the mean of a quantized sine wave with with
peak velocity v, amplitude A, and frequency fi, over all DC
offsets and PQN, (what the literature calls Sheppard’s first
correction, R1), is inside the envelope,

R1± 0.135∆√
A/∆

. (55)

The largest possible difference for the variance of a quantized
sine wave over all DC offsets and PQN, (what the literature
calls Sheppard’s second correction, R2), is inside the envelope

∆2

12
− 0.029

∆2√
A/∆

< R2 <
∆2

12
+ 0.038

∆2√
A/∆

. (56)

The second condition concerns the correlation of the noise,
(or the whiteness) of the spectrum. Here the condition for a
sine wave with peak velocity v, amplitude A, and frequency
fi, with sample frequency f , is

v � ∆f ⇒ error is white. (57)

With the precise statement being that the condition

(1/2)πA > ∆f, (58)

ensures that 95% of the power of the quantization error is
white.

Note that these values are worst case over all mu. With
respect to the current problem the average case, meaning the
average correction value over all mu values, and perhaps even
weighted by the amplitude makes the most sense, but I don’t
know if results on this exist.

The resulting spectrum will contain some ripples for any
value of f , but the power of them will be small compared to
the power of the quantization noise.

These results come from [24], and were originally found by
[25].
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The last assumption for IPQN is that each quantization
source is independent of the others. Precise conditions, as well
as approximate conditions exist as well, but this one seems
application specific in robotics.
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